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e Criteria for real qubits, what do we want?

e Finite dimensional, discernible, evolvable, measurable,
reasonably stable

e Example systems: QHO, NMR
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Note:Decoherence

There's often talk of decoherence times and the general
tendency for quantum states to decohere. An intuitive
heuristic for decoherence is possible in light of the general
map of operations given last time.
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Aside: A Note on Decoherence ||

Suppose we have some subsystem of interest with some initial
state v as below.

)| = Zm ()WL) = szm
The decoherent state then is the following:

[vp) (bl = Z¢7¢i|i><f| = ZPMO

which is exactly a classical probability distribution over it's
previously possible states (think mixed state ensemble).

Vanishing of Off Diagonal Terms: The above may be derived from a quantum operation of the

form:
papDTrEnv(Zw Ul ® e el) = wa 1) (/165

where the original state interacts in concert with a larger environment and a theorem of Erich Joos
and H. D. Zeh (1985) states that the trace over the environment, with the assumption of einselection
(environmentally-aligned measurements) essentially removes the off-diagonal terms of the reduced
density matrix.
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The probability of measuring the original state to be in some other
state ¢ (after projecting both to a common set of basis states)is
given by the expression below:

P(ol) = (8l) (1)
—Z (011 (1) (W1 (1)
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The probability of measuring the original state to be in some other
state ¢ (after projecting both to a common set of basis states)is
given by the expression below:

P(ol) = (8l) (1)
—Z (011 (1) (W1 (1)

Note:Decoherence

=§Mwm@
-

After complete decoherence, the off-diagonal terms disappear,
hence no interference terms are left and the probability now
becomes that below.

P(¢|1p) = §jww (01} (ilg)
= Z ¢i ¢i1/’i ¢i
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Criteria
e Discrete system
e Preparable, in a known state
e Controllable, tunable Hamiltonian
e Measurable, in some well-defined basis
Then, of course there's the practical matters: we need it to

be relatively noise-less, robust, and have a reasonable
computation time (relative it's time of expectable stability)
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Discrete & Discernible

As discussed previously, we seek discrete (that is, finite
dimensional) quantum spaces for computation.

We also want states that are discernible. In effect, we have
to measure the state in the end to see what it's outcome is.
However, if there is a degeneracy, in that several states have
the same outcome (think energy from transition/photon
emission wavelength) states might be undiscernible.
Conversely, we also may need to excite states precisely and
degeneracies may prohibit us from knowing what transitions
we're inducing.
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We need a system that we may observe in the end by some
well-defined set of measurement operators.

Need to be able to apply measurements independently of
time evolution, though ideally eigenvectors coincide.

Projective measurements require a very strong coupling
between the measuring apparatus and the system of interest
which is entirely controlled (on or off)

Weak measurements are also a possibility
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reliable way, so that we can be sure we're starting with some
state.

This is often termed a fiduciary initial state.
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Initializable

We also need to be able to initialize the system in some
reliable way, so that we can be sure we're starting with some
state.

This is often termed a fiduciary initial state.

As long as we can get one initial state for sure, we can turn
it into an arbitrary state with enough control over it's
evolution......
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Recall (from statistical mechanics) that a quantum system
at some temperature T is the mixed state:

Alex Heilman

o(T) = R Tl ol w/N = Tr(e /RO () s

P Pn AR
I LowT
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Thus, if we have low enough temperatures, we may
essentially initialize some systems.
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precisely tunable way (and which is independent of our
means of distinction of qubit states).

Controllable

How can we characterize our control?

We know that Hamiltonians are Hermitian operators and
thus are formed a basis by the Pauli matrices in two
dimensions:

3
H = aol + Z a,-ai
i=1

Thus, if we can control the coefficients of the Pauli matrices
a; independent of each other and by some continuously
varying physical means, we control the entire qubit space.
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We want to control the evolution of the state in some
precisely tunable way (and which is independent of our
means of distinction of qubit states).

Contrlae
How can we characterize our control?

We know that Hamiltonians are Hermitian operators and

thus are formed a basis by the Pauli matrices in two

dimensions:

3
H = aol + Z a,-ai
i=1

Thus, if we can control the coefficients of the Pauli matrices
a; independent of each other and by some continuously
varying physical means, we control the entire qubit space.
But what about multi-qubit spaces?
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qubits with a finite circuit.
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Universality of Gates: A certain set of one and two-qubit
gates can be used to, within some precision, approximate
an arbitrary unitary evolution on an arbitrary number of
qubits with a finite circuit.

Controllable

So, for multi-qubit operation we just need to establish
control over Hamiltonian coefficients of one qubit space
(really only two Pauli coefficients) + multi-qubit control
gates (like CNOT).

(Other basis are also possible and common)
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Practicality

Alex Heilman

Modern implementations have short coherence times and
poor individual qubit control.

We need computation times that are several orders of
magnitude smaller than the decoherence time of the system.

Technique needs to be scalable so we can operate on systems
of large numbers of qubits yet control them independently.

Obviously, we would also like to minimize resource
requirements for operation.
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DiVincenzo’s Criteria: The first five are for quantum
computers.
e Scalable and discernible

e Fiduciary initial state

e Long decoherence time

e Universal gate set

e Measureable

These next two are for quantum communication
e Memory — Computation

e Faithful transmission
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Example Systems

IBM - Superconducting Transmon Qubits
Google - Superconducting Transmon Qubits
Microsoft - Topological Qubits

D-Wave - Annealment
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Alex Heilman

Let's look at some examples!

Example Systems

Define realizable qubit states
Tunable Hamiltonian for control

Show CNOT gate is possible



Example: Quantum Harmonic Oscillator

Ladder operator form of QHO Hamiltonian:

1
H=hw(5 + ala)
Corresponding eigenvalues denoted |n)

Hin) = h(; + n)ln) = Enln
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Ladder operator form of QHO Hamiltonian:
L
H = M(E + a a)
Corresponding eigenvalues denoted |n)
1
H|n) = hw(5 + n)|n) = En|n)

So we may decompose arbitrary state in eigenbasis as:

[e.9]

W) = Z Cn‘n>

n=0

which evolves (according to U = e~ Ht/") as:

[9(8) =) e ™ enln)



Example: QHO

Example: As an example of a 'two-qubit’ gate, we construct a CNOT gate for the QHO. First,
imagine we construct the computational basis from the first four energy levels of some QHO.

|00) c = 0) Qo
[01) ¢ = 2) QHo

1

[10)c = z(l“) +11))qHo
1

[11)c = E(W = 11))qHo

where subscript C or QHO denotes the computational basis or QHO energy state basis. Now,
considering the action of the Hamiltonian, on the timescale t = 7w /w (U = e~ '™"), the Hamiltonian
has the effect on the computational basis states:

U00) ¢ = 0 grio = 100)  U[01) = e~ ?|2) = |01)
U|10) =

(e*"”"‘|4> + e*"”'1|1>) =11

U|11)

NN

(("’"“\4) - e*"“|1)) = |10)

QIS/QCS Seminar

Alex Heilman

Quantum Harmonic
Oscillator
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Bad Example: Q HO

While we have constructed a CNOT gate, this really was
achieved in a somewhat backwards way: we defined the
computational basis to do what we wanted it to do. Hence,
we wouldn’t be able to cascade different operators (with
different eigensystems) in the same basis. So, no real
control! Also,

E:(n—i—%)hw

It's not discernible! Different states have the same energy
difference, so it's hard to tell what happened based upon,
e.g., photo-emission, and hard to control excitations.

QIS/QCS Seminar

Alex Heilman

uantum Harmonic
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which naturally should have some gap in energy (i.e.
non-degenerate two-level system).
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An intrinsic two-level system

Alex Heilman

What we'd ideally have for a qubit is a two-level system,
which naturally should have some gap in energy (i.e.
non-degenerate two-level system).

A
E

|1) NMR

AE

This may be accomplished with a spin 1/2 system in a
magnetic field! (Up or down alignment)
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We may describe the Hamiltonian term corresponding to the
magnetic field <+ spin coupling with the following expression:

NMR

Hint: _ﬁ' é

Where (i = %h(ax, oy,0) is the analagous magnetic dipole
vector of the spin, and ~ is the gyromagetic ratio (which is
unique to every molecule/atom).
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For a constant magnetic field in the Z direction, we then
have the following form of the interaction Hamiltonian:

h
Hine = _% Bo,

NMR

Let's consider it's action on a general qubit state via the
unitary time evolution operator U(t) = et (we set h = 1):

U()[(0)) = e0BY272a)0) + 0BYD725|1) = (1))

Note that |0) and |1) are eigenstates of o, with respective
eigenvalues A = 1, —1. Thus, the above may be simplified to

W}(t» — ei’th/2a|0> + efi'th/2ﬁ’1>



B - p Interaction: Larmor Frequency

(1) = €782a]0) + e "E2p)1)
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Define wg = B, the Larmor frequency:

NMR
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W(t» — ei'th/2a|0> + e—i'th/2ﬁ’1>

Define wg = B, the Larmor frequency:

NMR

[(1)) = 02a0) + e *0t2|1)

This can be interpreted as a rotation in the X-Y plane of the
Bloch sphere, like the precession of a classical top.

(X) = cos(wot) (Y) = sin(wot)
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Note that our form of the interaction Hamiltonian naturally
gives us two energy levels for the two states |0) and |1).

NMR
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B - 1 Interaction: Energy Levels -

Alex Heilman

Note that our form of the interaction Hamiltonian naturally
gives us two energy levels for the two states |0) and |1).

(Zeeman Effect)
A

NMR

11

AE=wy=7B
|0)
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Now, consider a more general magnetic field of the form below;

B(t) = Boz + By(1) [ cos(wt)k + sin(wt)]

NMR
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Hine = %02 +g(t) [cos(wt)ax + Sin(wt)ay]

If we then define some frame of reference (denoted by superscript
RF) in which we spin about the z-axis at a rate wp, we can clearly
see the control we have over the single-qubit Hamiltonian:

HR () = g1(t)ox + g2(t)oy
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Now, consider a more general magnetic field of the form below;
B(t) = Boz + Bi(t)[ cos(wt)x + sin(wt)]

By a similar interaction with the magnetic dipole moment, we get
the following interaction Hamiltonian:

NMR

Hine = %02 +g(t) [cos(wt)ax + Sin(wt)ay]

If we then define some frame of reference (denoted by superscript
RF) in which we spin about the z-axis at a rate wp, we can clearly
see the control we have over the single-qubit Hamiltonian:

HR () = g1(t)ox + g2(t)oy

Thus, we have a method for control over single qubit space!

But, what about two qubits?
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For a coupled two spin-1/2 system in a constant magnetic
field in the z-direction, we may model the spin - spin
interaction as below, in the weak coupling limit:

e = o2 @ 1) + 2 (1@ 02) + 3 ol 02 @ 02)
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system: Nuclear Magnetic Resonance -

Alex Heilman

For a coupled two spin-1/2 system in a constant magnetic
field in the z-direction, we may model the spin - spin
interaction as below, in the weak coupling limit:
w w s
Hint = S-(0: ©1) + 2(L® 02) + 2 (0 © 02)

(This results from second-order perturbation theory applied to the
more general Heisenberg spin-spin coupling o o7 - 02)

Note that, in general, the two spin-1/2 systems have a
different gyromagnetic ratio and hence different Larmor
frequencies w1, wy.

In general, this interaction between the spins is known as J-coupling or Fermi-type interaction.
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System: NMR !

Alex Heilman

This, in addition to independent resonant pulses (e.g. a
tuned laser) allows for an implementation of a CNOT gate.

NMR

Can explore in more detail if interest is there.
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Recap

Alex Heilman

Hope you still got something out of it! Criteria for QC systems:
e Discernible, persistent, discrete states (qubits)
e Reliably initializable in some known state

e Tunable control over portion of Hamiltonian acting on one and
two-qubit states

e Appropriate, associated measurement apparatus
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e Quantum mechanics as probability theory?
e Common circuits?
e Lasers and coherent states?

e Josephson junctions, transmon paper, NMR in more detail?
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